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The observables of supergravity are defined to be the phase space gauge
invariant objects of the theory. Dirac eigenvalues are obsevables of Euclidean
gravity on a compact manifold [1,2,3]. We resume the basic results for super-
gravity [4,5], [6,7].
The general setting which we consider is of minimal supergravity in four
dimensions on a compact spin manifold without boundary endowed with an
Euclidean metric gµν(x) = e
a
µ(x)eνa(x) where the indices of the tetrad e
a
µ(x)
are spacetime indices µ = 1, · · · , 4 and internal Euclidean indices a = 1, · · · , 4,
respectively. They are raised and lowered by the Euclidean metric δab. The
gravitino is represented by a Euclidean spin-vector field ψµ(x) and it should
be defined by a modified Majorana condition, since the group SO(4) does
not admit Majorana spinors. A standard condition is ψ¯ = ψTC [8] (see also
[9,10]).
By definition, the phase space of the theory is the space of the solutions
of the equations of motion, modulo the gauge transformations which are:
diffeomorphisms in four dimensions, local SO(4) rotations and the local N =
1 supersymmetry. The phase space is covariantly defined and its elements
are all pairs (e, ψ) that are solutions of the equations of motion modulo
gauge transformations. Therefore, it is sufficient to consider only on-shell
supersymmetry and the supersymmetric algebra closes over graviton and
gravitino. The observables of the theory are the functions on the phase space.
The self-adjoint Dirac operator and the spin connection are defined as
follows
D = iγaeµa(∂µ + ωµbc(e, ψ)γ
bγc) , ωµab(e, ψ) =
◦
ωµab (e) +Kµab(ψ) (1)
1
where
◦
ωµab (e) is the usual spin-connection of gravity. The following relations
hold
◦
ωµab (e) =
1
2
eµa(∂µebν − ∂νebµ) +
1
2
eρae
σ
b ∂σeρce
c
µ − (a↔ b)
Kµab(ψ) =
i
4
(ψ¯µγaψb − ψ¯µγbψa + ψ¯bγµψa). (2)
The chosen topology of spacetime manifold guarantees that the spectrum of
the Dirac operator is discrete
Dχn = λnχn. (3)
λn’s define a discrete family on the space of all gravitons and gravitinos and
should be gauge invariant objects. A general argument is that the eigenvalues
of a general covariant operator should be also invariant. By checking up the
invariance of λn’s explicitly one obtains a set of equations that should be
satisfied by the pairs (e, ψ).
The transformation of the fields under gauge transformations are given
by the following relations
δeaµ = ξ
ν∂νe
a
µ , δψµ = ξ
ν∂νψµ, (4)
where ξ = ξµ∂µ is an infinitesimal vector field,
δeaµ = θ
abebµ , δψ
α
µ = θ
ab(σab)
α
βψ
β
µ , (5)
where θab = −θba parametrize an infinitesimal SO(4) rotation and σab = iΣab,
and
δeaµ =
1
2
ǫ¯γaψµ , δψµ = Dµǫ, (6)
where ǫ(x) is an infinitesimal Majorana spinor field, i. e. it obeys the Majo-
rana conjugation given above. If λn’s are invariant under all gauge transfor-
mations the following relations must hold
T nµa ∂νeaµ − Γnµa ∂νψαµ = 0, (7)
T nµa ebµ + Γnµσabψµ = 0, (8)
T nµa ǫ¯γaψµ + ΓnµDµǫ = 0. (9)
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Here, T nµa = T nµa +Knµa , where T nµa is the “energy-momentum tensor” of the
spinor χn [2], Knµa =< χ
n|iγaKµbc(ψ)σbc|χn >, and
Γnµa =
i
4
∫ √
eχn∗γaeνa[
¯
ψ
β
ν (γb)αβe
µ
c − ¯ψβν (γc)αβeµb + ¯ψβb (γν)αβeνc ]σbcχn. (10)
Eq.(5) is a covariant equation, therefore its variation under gauge transfor-
mations should cancel. The variation of Eq.(5) under diffeomorphisms, SO(4)
rotations and local supersymmetry and the equations (7), (8) and (9) imply
the following relations
{[bµ(ξ)− c(λξ)µ]∂µ + f(ξ)}χn = 0, (11)
[θaaD − g(θ) + h(θ)]χn = 0, (12)
[jµa (ǫ)∂µ + ka(ǫ) + la]χ
n = 0. (13)
Here, the following notations are used
h(θ) = i(λn −D)θσ , jµa (ǫ) =
1
2
γaǫ¯ψ
µ , ka(ǫ) =
1
2
γaǫ¯ψ
µωµcdσ
cd (14)
bµ(ξ) = iγabµa(ξ) , b
µ
a(ξ) = ξ
ν∂νe
µ
a − eνa∂νξµ − 2eνaξµωνbcσbc (15)
c(λ, ξ)µ = (λn −D)ξµ , f(ξ) = iγaξν∂ν(eµaωµbc)σbc, (16)
g(θ) = [γceµc ([θσ, ωµab]− ∂µθσMab)]σab, (17)
la = e
µ
a [Bµcd −
1
2
eµdB
e
ec +
1
2
eµcB
e
ed]σ
cd. (18)
We interpret the relations (7), (8), (9) and (11), (12), (13) as two sets of
constraints on the phase space of the theory. By construction, the second
set is determined by the first one. An analysis of the linear dependency of
these constraints in view of the quantization of the theory was performed in
[4,5,6,7] where some other aspects of the theory were discussed. A ”spectral
formulation” of supergravity is not known at present.
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